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ABSTRACT 

Results are given from a search to form adinkra-like equations based 
on topologies that are not hypercubes. An alternate class of zonohe- 
dra topologies are used to construct adinkra-like graphs. In particular, 
the rhombic dodecahedron and rhombic icosahedron are studied in detail. 
Using these topological skeletons, equations similar to those of a super- 
symmetric system are found. But these fail to have the interpretation of 
an off-shell supersymmetric system of equations. 
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1 Introduction 



From the introduction of the notion of graphical representations of supersymme- 
trical (SUSY) theory p], work on these have mostly been based on a particular 
class of polytopes, hypercubes, as pointed out in later work of the DFGHILM [2] 
collaboration. It is our "empirical" observation that all adinkras that describe off- 
shell theories so far fall into three categories: hypercubes, folded hypercubes (as in 
[2]), or gnomon^] formed from hypercubes (as in [3j). The adinkras associated with 
on-shell theories are not generally related to hypercubes (see [1]). 

In order for these systems to be supersymmetric, however, any two super-differential 
operators D : and Dj, must obey the following property (supersymmetry algebra): 

{ Dj , Dj } = i25 l3 d T , (1) 

without imposing any differential equation with respect to r on the functions in a 
super multiplet. 

The edges of any face in a polytope related to an adinkra are associated with one 
of the D-operators in a SUSY equation. Clearly, if we attempted to create an adinkra 
from a polyhedron where a face is described by more than two linearly independent 
vectors, then above could not hold. This limits our notions of plausible adinkras 
to objects with only four sided faces, i. e. faces that are completely described by 
only two linearly independent vectors. Further restrictions, explained below, filter 
out most polyhedra from even becoming adinkra candidates. Our motivation for this 
paper is to answer a simple question: can alternate zonohedra replace cubes in the 
construction of adinkras that lead to off-shell SUSY systems? [5]. 



2 Zonohedra and Alternate Polyhedra 

Zonohedra are polyhedra that are symmetric with respect to 180 degree rotation^} 
If we tried making adinkras from a polyhedron without this property, then two or 
more points could be attached to one another while both are simultaneously on the 
top row, or the bottom row of an associated valise adinkra graph. This is equivalent 



3 In geometry a gnomon is defined as the part of a parallelogram left when a similar parallelo- 
gram has been taken from its corner. An analogous definition may be applied to adinkras 
or linear combinations thereof. 

4 An accessible introduction to the subject of zonohedra can be found on-line via 



http://en.wikipedia.org/wiki/Zonohedron 
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to a fermion (boson) having a fermion (boson) SUSY partner, which is invalid for an 
adinkra. Therefore, any polyhedron used to construct off-shell adinkras must be a 
zonohedron, or a higher dimensional analogue. Higher dimensional zonotopes in R d 
with d > 3 are possible as starting points for SUSY theories with more than three 
D -operators. 

Not all zonohedra are qualified to be adinkras, however, as many have non-four- 
sided faces. Under this additional restriction for zonohedra, we get a handful of 
important SUSY adinkra candidates]^] 

3 Case Study: Rhombic Dodecahedron 

Perhaps the simplest example of an adinkra candidate is the Rhombic Dodeca- 
hedron or RD (Figure [2]). 




(2) 



RD without and RD with bosonic and fermionic nodes added 

Because it is a zonohedron with strictly four sided faces, we may at first expect 
the RD can represent an adinkra hologram that encodes a supersymmetric system of 
equations. Counting the white and black vertices, however, shows that we have an 
unequal number of fermions and bosons (see the rightmost RD in Figure |2|. This 
might not seem to be an issue, but simple calculations of {D^DJ proves that the 

5 There is one subtlety in applying the argument above. The actual shape of adinkras are not 
important to the construction of the corresponding sets of equations. Instead, it is the topol- 
ogy of the geometrical object taken as the starting point in the construction of the equations 
that matters. In other words, the relationship by which the vertices are connected one to each 
other plays the critical role. 
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graph does not follow SUSY Algebra. To show this explicitly, we must introduce the 
R-matrices and L-Matrices 

The equations encoded into the RD valise adinkra-like graph can be represented 
as matrices, designated R-matrices and L-matrices, first introduced in [3]. The equa- 
tions for the bosonic nodes with the super-differential operator, D x (the red lines), are: 

D x $i = -i\&3 D x $ 2 = ^5 = i^i 

D,!^^ D,!^^, D 1 $ 6 = -M 6 (3) 




RD Valise graph 



This can similarly be written as: 
= i(Li)* 
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In general, for the I-th super-differential operator, 
for some matrix, L r 

The other L-Matrices for the RD (Figure El) are below: 
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(5) 



The R-matrices similarly represent the relations between $ and \1/ for a degree 
flip of the valise adinkra-candidate graplij^j 

D t * = z(R : )$ 

It turns out this relationship implies the R : -th matrix is a transpose of the L r th 
matrix. Therefore, the R-matrices for the valise RD are: 
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6 The degree flipped version of a valise adinkra graph is obtained by drawing a horizontal line 
through the valise and the reflecting vertically about this line. Since this necessarily implies 
different engineering dimensions for the fields associated with the vertices, we use a differ- 
ent notation for them. 
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(6) 



Because the R-matrices and L-matrices are matrix versions of the super-differential 
operators, they realize the Garden Algebra if and only if the super-differential coun- 
terparts do as well. Therefore, in order to determine if the graphs are adinkras, 
we must simply check if the matrices form a representation of the previous Garden 
Algebra rules: 



R, 



R 



J Id 



+ (L T 



R 



1 )3 



L, )/ + (R : V(L 



j 13 



2 5 U 5i 



2 S l3 Si 



(7) 



The R-matrices and L-matrices in (5) and (6) do not, however, realize the Garden 
Algebra rules above. Since the ratio of fermions to bosons is not equal, the R- 
matrices and L-matrices are not square, which then implies that the above equations 
create different sized matrices (as well as l's and O's in non-diagnal elements of the 
corresponding matrices). It is easy to generalize this result: any shape with more 
fermion nodes than boson nodes, or vice versa, cannot be an adinkra that describes 
an off-shell supermultiplet, simply because the R-matrices and L-matrices matrices 
would not be square. 

One might try to use a double of the RD to fix this problem. This is shown in 



(10) below. The adinkra to the left in this image may be regarded as the original RD 
shown in[2j The graph to the right is then a Klein-flipped and engineering dimensional 
lowered version of the original RD-adinkra. A fifth SUSY charge denoted by the light 
blue links is then introduced in an effort to construct an adinkra for an off-shell SUSY 
system. This will not create an adinkra, however, because the second row of nodes 
will not connect to all five super-differential operators. Hence, there exists a fixed I 
such that: 

D t $i ^ ±M 3 (9) 



6 



for some two nodes and tyj for any choices of the values of i and j, which implies 
that the super-differential operators do not preserve the SUSY algebraQ 




A double of the RD as an adinkra-like graph. Note blue line "dashings" were 

removed for clarity 



4 The Rhombic Icosahedron: Another Zonohedron- 
Adinkra Candidate 

The previous case study implies we have two important restrictions in order for a 
zonahedron to yield an adinkra candidate that describes and off-shell SUSY multiplet, 
it must have: 

-strictly four sided faces, and 

-equal numbers of fermions and bosons. 

Although it might be considered a sad ending to our search if there was no minimal 
dimensional zonohedron which could create an adinkra, in fact, this is in accord with 
the "folk wisdom" that has been seen all previous studies. 

Clearly, two colors admit only the trivial the bow-tie and diamond adinkras. With 
three colors, the search for eligible shapes broadens significantly, so one could hope 
that with this number of colors, at least, one might find another adinkra shape, 
besides a cube. Within the class of zonohedra, this search leads to the the rhombic 



icosahedron (to be designated as "RI". See Figure 11). 



'This "lifting" technique, however, can be used on any zonohedron (even ones which represent 
adinkras). It is trivial to prove higher dimensional shapes, such as any hypercube, would pre- 
serve the Garden Algebra of the lower dimensional adinkra. The smallest dimensional shape 
may be called an "Adinkra Generator" analogous to the generators in group theory. For exam- 
ple, the diamond adinkra is the generator for the hypercubic adinkras. 



7 



The RI with & without boson and fermion nodes 



A simple study will reveal that the RI not only has strictly four sided faces, but 
also equal numbers of fermions and bosons. To determine whether it satisfied the 
Garden Algebra, we checked whether the R-matrices and L-matrices of the RI satis- 
fied Q and (g. 

The L-matrices were found to be: 
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The R-matrices are therefore: 
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It is easy to show that these matrices do not satisfy Garden Algebra (see Appendix 
B). Alike to the four-dimensional version of the RD, only two nodes connect to all 
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the super-differential operators. 

The Icosahedron is important to demonstrate the final restriction necessary for 
a three dimensional shape to represent an adinkra. Because we need rhombic faces 
for a polyhedron to represent a SUSY adinkra, the second row of the polyhedron's 
graph will connect to no more than three other nodes. This forces us to only consider 
shapes with three super-differential operators, all of which are topologically the same 
as a cube. 

This not only rules out all other possible three dimensional shapes, but it allows us 
to rule out all non-hypercubic zonotopes as adinkra candidates. For example, just as a 
three color zonohedron must have faces which are topologically the same as diamond 
adinkras, four color zonotope must therefore have "faces" which are topologically 
the same as cubes. Also, just as before, every adinkra candidate must have the same 
number of fermions and bosons. Lastly, the second row of a four dimensional zonotope 
cannot connect to more than four other nodes, which then implies the tesseract is the 
only valid adinkra. 

5 Conclusion 

We can now summarize what was found. Firstly, there is valid reason to suspect 
that non-hypercube adinkras exist. To find, at least initially, what shapes could be 
adinkras, we search for strictly four sided faced zonohedra. Even under this restric- 
tion, we must also search for zonohedra with equal numbers of fermions and bosons 
on its vertices, before we actually check and see if the adinkra satisfies Garden Al- 
gebra. Lastly, every super- differential operator must connect to each node. Because 
the second row cannot have more than three super-differential operators connected to 
it, when represented by a polyhedron, we must have no more than three differential 
operators. This forces us to conclude that the cube is the only valid polyhedron that 
can to create adinkras. Higher dimensional analogues can then be created, which 
restrict the zonotopes to only be hypercubes. 

There is one point in our discussion that could bare further scrutiny. The choices 
of "dashedness" i. e. the signs of the non-vanishing entries in the L-matrices and 
R- matrices are somewhat arbitrary. In the case of the RD, we use a "trick" to make 
the assignment. The RD may be regarded as the tesseract where two bosonic nodes 
separated by the greatest Hamming distance have been deleted. This is how we 
fixed the signs for the RD. For the RI there is a similar minimal ansatz that can be 
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used. We believe that none of our major conclusions are affected by other choices of 
"dashedness." 

" Colors answer feeling in man; shapes answer thought; 
and motion answers will." 

- John Sterling 
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6 Appendix A 



Here, we show that the the R-matrices and L- matrices of the rhombic dodeca- 
hedron don't satisfy the Garden Algebra, and therefore cannot lead to adinkras that 
describe off-shell SUSY systems. The computations of the L-matrices and R-matrices 
are below. 
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L 2 * R 3 + L 3 * R 2 
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We can see the matrices satisfy the first equation in ([T]). 

The rest of the matrices are computed below, as a counter-example to the claim 
that these could satisfy the equation in ([8]), thereby proving the rhombic dodecahedron 
cannot satisfy Garden Algebra: 
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R3 * L 4 + R 4 * L 3 
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7 Appendix B 



Similar to the discussion in Appendix A, we compute the relevant R-matrices and 
L-matrices for the Rhombic Icosahedron. These matrices clearly do not satisfy (J7|), 
or QSp . The explicit calculations follow below: 
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i * R 2 + L 2 * Ri = 
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R 3 = 
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